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We present a method for determining reactive potential energy surfaces from experimental photodetachment
spectra. The variations of the theoretical photodetachment spectrum with respect to potential parameters (the
“derivatives” of the spectrum) are calculated. These derivatives are used in an iterative Levenberg-Marquardt-
based algorithm to find the optimal values of the potential parameters, i.e., those yielding the theoretical
spectrum that best matches the experimental one. Applications of the method to one- and two-degrees-of-
freedom model systems are presented, and accurate results are obtained with a small number of iterations.
Prospects for treating realistic systems are discussed.

1. Introduction

In the preceding paper1 in this issue (hereafter referred to as
Paper I) we carried out a sensitivity analysis of transition state
(photodetachment) spectra. Specifically, for two model systems,
we determined the regions of the neutral potential energy surface
to which the spectra are sensitive. One of the primary conclu-
sions drawn from that analysis is that the spectra are sensitive
to the barrier region in a wide number of cases, including those
where the Franck-Condon region (i.e., the location of the anion
bound state) does not coincide with the transition state. This
result suggests that it should be possible to use transition state
spectra to obtain information about the barrier on the neutral
potential surface. In this paper we present an iterative method
for “inverting” a transition state spectrum to obtain an accurate
representation of the neutral surface in the barrier region.

2. Methodology

In Paper I, we showed how the derivative of a photodetach-
ment spectrum with respect to a parameter of the neutral
potential energy surface can be obtained for no extra cost beyond
that required to calculate the spectrum itself. In this section,
we review the relevant formulas for completeness and then
describe the methodology for “inverting” transition state spectra.

As in Paper I, we consider a potential surface for a chemical
reaction defined by a set ofM parametersr ) {Rj}j)1,...,M. For
the purposes of this paper the setr will represent the parameters
in an analytical representation of the potential energy surface.
The derivative∂I(E)/∂Rj can be used to optimize the values of
the potential parameters for which∂I(E)/∂Rj * 0. Specifically,
given an experimentally measured spectrum,Iex(E), at a set of
NE energies{Ei} we can define a measure of the “error” in the
trial spectrum as

The optimum potential is then the one that minimizesø2.

Thederivative ofø2 with respect to a potential parameterRj

indicates how the error changes asRj is varied and is then given
by

Thus, the key to this approach is the calculation of the
derivatives∂I(E)/∂Rj.

In Paper I, we showed how these derivatives can be obtained
using a Green’s function in a discrete variable representation2-4

(DVR) with absorbing boundary conditions5-9 (ABC). This
approach allows the calculation of the derivatives with no
additional effort beyond that required to calculate the spectrum
itself. Briefly, the photodetachment intensity in the DVR-ABC
formulation is given within the Franck-Condon approximation
by10,11

And, as shown in Paper I, the derivative of the intensity at
energyE with respect to a potential parameterRj is

The scattering wavefunctionΦb
+(E) is defined as

whereOb is the anion bound state wavefunction vector in the
DVR andG+(E) is the DVR-ABC Green’s function:12

with outgoing wave boundary conditions. Here,H and E are
the DVR matrices of the Hamiltonian and the absorbing
potential.

As can be seen from eqs 3-5 the primary effort in calculating
the photodetachment intensity,I(E), and its derivative with
respect to a potential parameter,∂I(E)/∂Rj, is the same: the
action of the Green’s function onto the anion bound state. Thus,† Current address. University of Colorado.
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any and all derivatives of the spectrum can be obtained with
no extra effort beyond that required to computeI(E) itself. In
addition, we note that, in principle, the entire photodetachment
spectrum can be obtained in a single calculation using the quasi-
minimal residual (QMRES) method13 for acting the Green’s
function on the anion bound state.11

A generic iterative scheme for obtaining the neutral potential
energy surface from an experimental photodetachment spectrum
is as follows:

(1) Make an initial guess for the potential, V˜ .
(2) Calculate the photodetachment spectrum (and its deriva-

tives) associated withṼ using eqs 3-5.
(3) Calculate the “error” of the theoretical spectrum relative

to the experimental one using eq 1.
(4) Use the derivatives∂I(E)/∂Rj to obtain a newṼ.
(5) Return to 2, iterating untilø2 is minimized.

A variety of schemes of this sort can be conceived, particularly
several that differ only in the method used in Step 4. In this
paper we use a Levenberg-Marquardt algorithm14 for imple-
menting this scheme. This algorithm uses a combination of the
inverse-Hessian and steepest descent methods to update the
parameters to be optimized,{Rj}j)1,...,M.

On the basis of sensitivity analysis in Paper I, it seems
unlikely that, in general, an accurate “point-by-point” repre-
sentation of the potential surface can be obtained by inverting
transition state spectra. An extreme example is the case where
the Franck-Condon region is in the reactant valley. If photo-
detachment of the anion does not lead to formation of the neutral
products then the spectrum contains no information about the
product side of the potential. Nevertheless, as seen in Paper I,
the photodetachment spectrum can still provide information
about the barrier region in this case. Thus, here we consider
the optimization of parameters in an analytical representation
of the neutral surface. The goal is to establish the viability and
properties of the present approach by treating model systems.
Thus, the “experimental” spectrum is generated by a theoretical
calculation using one potential (what we will call the exact
potential). Then the “experimental” spectrum is used to optimize
the parameters of a trial potential with a different functional
form by minimizing the error of the theoretical spectrum
(obtained using the trial potential) relative to the “experimental”
one.

3. Model Systems

A. One-Dimensional Barrier. As a first test of the method
proposed in Section 2, we consider a one-dimensional model
problem in which the exact (i.e., “experimental”) spectra are
those for the Eckart barrier model considered in Paper I.1,15The
exact, or target, neutral potential is given by

with V0
ex ) 0.425 eV anda ) 1 au and the anion potential is

a harmonic oscillator of frequencyω ) 3000 cm-1 centered at
q0. The mass is taken to be 1060 au and in what follows we
consider bothq0 ) 0 andq0 ) 1 au. The trial potential has a
different functional form and is a Gaussian,

whereV0 andb are the parameters to be optimized using the
“experimental” spectrum.

The test of the method is as follows. The “experimental”
photodetachment spectrum,Iex(E), is first calculated at 60 values

of the scattering energy using the exact potential, eq 7. Initial
guesses are made for the parametersV0 and b in the trial
potential. The Levenberg-Marquardt-based scheme described
in Section 2 is then used to minimize the errorø2 (eq 1) of the
theoretical spectrumI(E) obtained with the trial potential, eq 8,
relative toIex(E).

Figure 1a shows the initial, optimized, and “experimental”
photodetachment spectra resulting from this exercise for the case
whereq0 ) 0 and initially V0 ) 0.7 eV andb ) 1.4 au. Here
the spectra are for photodetachment from the anion ground state
(V ) 0). The initial trial potential gives a spectrum peaking at
significantly higher energy than the exact spectrum due to the
greater barrier height. However, the spectrum obtained from
the optimized trial potential is in excellent agreement with the
exact spectrum. Figure 2a shows the errorø2 (on a semilog plot)
and the values ofV0 andb at each iteration of the optimization.
Convergence is achieved in 15 iterations yielding excellent
agreement in the barrier height with optimized values ofV0 )
0.424 eV andb ) 0.977 au. Note that while there is a plateau
in the value ofø2 it decreases monotonically with the number
of iterations. It is interesting that the value ofb initially increases
by an order of magnitude from its initial value before converging
to its optimum value. On the other hand, the route of the barrier
height to its final value is much more direct.

Figure 1b shows the initial, optimized, and “experimental”
photodetachment spectra from theV ) 1 anion state withq0 )
0. The initial parameters in the trial potential are taken asV0 )
1.0 eV andb ) 0.6 au. These result in a spectrum peaked at
very high energies (in fact the intensity is nonzero outside the
range of energies considered in the optimization). Despite the
initial barrier height being more than twice the exact value, the
optimization is completed in 16 iterations giving a spectrum in
excellent agreement with the “experimental” one.

The error in the theoretical spectrum and the values of the
trial potential parameters are shown in Figure 2b as a function
of the number of iterations. As in Figure 2a,ø2 decreases
monotonically while b initially increases by an order of
magnitude before converging (to 0.948 au). Here the value of
V0 first increases to∼1.4 eV before decreasing to its optimized
value of 0.422 eV, in excellent agreement with the barrier height
of the exact potential.

The initial, optimized, and “experimental” photodetachment
spectra from the anion ground state withq0 ) 1 au are shown
in Figure 1c. The initial values ofV0 andb are taken to be 0.2
eV and 0.6 au, respectively. The initial spectrum is quite
different from the “experimental” one; it is peaked at a
significantly lower energy and consists of a narrow peak with
a shoulder at higher energy whereas the exact spectrum consists
of two distinct broad peaks with the second having much less
intensity. The optimized spectrum is in excellent agreement with
the exact spectrum reproducing both the position and width of
the peaks.

The convergence of the error in the theoretical spectrum and
the trial potential parameters is shown for this case in Figure
2c. The behavior observed here is notably different from that
in Figure 2, parts a and b. First, convergence is achieved in
significantly fewer iterations, 9 vs∼15. Second, bothV0 andb
rise almost monotonically to their optimized values of 0.404
eV and 0.81 au, respectively. As before,ø2 decreases monotoni-
cally. The final barrier height is slightly lower than that obtained
in the previous cases withq0 ) 0, but is still in excellent
agreement within 0.5 kcal/mol of the exact value.

Note that the different choices for the anion bound state used
to obtain the spectrum (i.e., the values ofV andq0) do not lead

Vex(q) ) V0
exsech2(q/a) (7)

Ṽ(q) ) V0e
-bq2

(8)
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to the same optimizedV0 andb. This is a consequence of using
a different functional form for the exact and trial potentials.
Each anion state probes somewhat different regions of the

neutral potential and the optimized values of the trial potential
parameters are those that best match the trial and exact potentials
in those regions. Note that in all cases the optimized photode-
tachment spectra are in excellent agreement with the “experi-
mental” spectra. However, we saw that forq0 ) 0 theV ) 0
andV ) 1 anion states yield slightly different optimized values
of V0 and b. And, for theV ) 0, q0 ) 1 au anion state we
obtained an optimum value ofb that is ∼15% lower and a
slightly lower value forV0. The initial, optimized, and exact
neutral potentials for this case are shown in Figure 3. Note that
the optimum potential is indistinguishable from the exact
potential on the sides of the barrier. Also, while the final barrier

Figure 1. The initial, optimized, and “experimental” photodetachment
spectra for the one-dimensional model are plotted. In each case, the
initial spectrum is shown as the solid line, the optimized spectrum as
the dashed line, and the “experimental” spectrum (V0 ) 0.425 eV,a )
1.0 au) as the solid circles. Results are shown for photodetachment
from (a) theV ) 0 anion state withq0 ) 0, (b) theV ) 1 anion state
with q0 ) 0, and (c) theV ) 0 anion state withq0 ) 1 au. The initial
and optimized potential parameters are given in the text.

Figure 2. The errorø2 and potential parametersV0 and b for the
optimization of the potential, corresponding to the cases shown in
Figures 1a-c, are plotted as a function of the number of iterations in
the optimization. Again, results are shown for photodetachment from
(a) theV ) 0 anion state withq0 ) 0, (b) theV ) 1 anion state with
q0 ) 0, and (c) theV ) 0 anion state withq0 ) 1 au.
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height is somewhat low, it is still in excellent agreement with
the exact value.

B. Collinear H + H2. As a second example we consider a
two-degrees-of-freedom model system in which the neutral
potential energy surface is that for the collinear H+ H2 reaction.
In this case, the exact neutral potential is given by the LSTH
surface16 which has a barrier height of 0.425 eV.1,17 The
“experimental” photodetachment spectrum is obtained using this
potential with a separable harmonic oscillator anion potential
in the Jacobi coordinates of the reactant arrangement,

Here r and R are the vibrational and translational Jacobi
coordinates, respectively, with associated reduced massesµr and
µR. As in Paper I, we consider two sets of parameters for the
anion potential withωr ) 2500 cm-1 andωR ) 2000 cm-1 in
both cases. Set A has an equilibrium geometry identical to that
of the neutral transition state withr0 ) 1.757 au andR0 ) 2.6355
au. For Set B the equilibrium geometry is displaced into the
reactant valley withr0 ) 1.6 au andR0 ) 3.2 au.

The trial potential to be optimized is of the London-Eyring-
Polanyi-Sato (LEPS) form,

where a, b, and c label the three atoms and, e.g.,

and

Here D, â, and r0 are the Morse parameters for the diatomic

fragment; by symmetry these parameters are the same for each
pair and can be obtained from the well-known diatomic H2

potential. The values are taken to beD ) 4.75 eV,â ) 1.044
au, andr0 ) 1.42 au. The Sato parameter,S, is here the
parameter to be optimized by minimizing the error of the
theoretical photodetachment spectrum relative to the “experi-
mental” one.

For parameter Set A, Figure 4a shows the “experimental”
spectrum calculated using the LSTH potential and the initial
and optimized spectra from the LEPS surface. The initial value
of S is taken as 0.2 corresponding to a barrier height of 0.828
eV. Due to the larger barrier height the initial spectrum is shifted
to higher energy and broadened relative to the exact one. The
optimized spectrum obtained after 15 iterations is in very good
agreement with the “experimental” one, the primary difference
being that the peak maximum has a lower value. Note that the
sharp dip at∼0.9 eV due to the production of H2 (V ) 1)1 is
well reproduced. Plots of the analogous photodetachment spectra
for parameter Set B are shown in Figure 4b for the same initial
S. The results are much the same for this displaced anion
geometry as observed for Set A. The initial spectrum peaks at
a higher energy and is broadened while the optimized spectrum

Figure 3. The initial, optimized, and exact potentials for the one-
dimensional model problem are plotted. The results shown are from
the optimization carried out using the photodetachment spectrum from
theV ) 0 anion state withq0 ) 1 au. The exact (Eckart barrier) potential
is shown as the solid line while the initial and optimized (Gaussian)
potentials are indicated by the dot-dashed and dashed lines, respec-
tively.

νanion(r, R) ) 1
2
µrωr

2(r - r0)
2 + 1

2
µRωR

2(R - R0)
2 (9)

Ṽ(r, R) ) Qab + Qac + Qbc -

xJab
2 + Jac

2 + Jbc
2 - JabJac - JabJbc - JacJbc (10)

Qab ) 1
4
D[(3 + S2)e-2â(rab-r0) - (2 + 6S2)e-â(rab-r0)]/(1 + S2)

(11)

Jab ) 1
4
D[(1 + 3S2)e-2â(rab-r0) - (6 + 2S2)e-â(rab-r0)]/

(1 + S2) (12)

Figure 4. The “experimental”, initial, and optimized photodetachment
spectra for the collinear H3- model are plotted. Results using the anion
potential parameter (a) Set A and (b) Set B are shown. The initial spectra
(S ) 0.2 corresponding toV0 ) 0.828 eV) are plotted as solid lines,
the optimized spectrum (S ) 0.355 corresponding toV0 ) 0.439 eV
for Set A andS) 0.347 corresponding toV0 ) 0.464 eV for Set B) as
dashed lines, and the “experimental” spectra (V0 ) 0.425 eV) as the
solid circles.
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is in quite good agreement with a minor difference in the peak
maximum. This is true even though the anion bound state wave
function for Set B has little overlap with the barrier region of
the neutral potential.

Figure 5 shows the error in the theoretical spectrum,ø2, the
value of the Sato parameter, and the corresponding barrier height
at each iteration for both the Set A and Set B cases. As seen
for the one-dimensional example above, the different anion states
lead to slightly different values of the optimized parameter.
Using Set A the optimum value ofS is found to be 0.355 while
Set B yields 0.347. This difference naturally leads to different
barrier heights in the optimized potentials, giving values of 0.439
and 0.464 eV for Sets A and B, respectively. It is worth noting
that these are within<1 kcal/mol of the exact barrier height.
In both cases the convergence of the Sato parameter is smooth
and rapid, being completed in 10 iterations.

One factor that can limit the effectiveness of an inversion
procedure is finite experimental resolution. This can be reason-
ably represented by Gaussian convolution of the theoretical
spectrum. That is, in making a comparison with an experimental
spectrum the theoretical spectrum to be used is given by

whereN is a normalization constant determined, e.g., by scaling
to match the maximum value of the experimental spectrum. We
can examine the effect on the inversion of the transition state
spectra by generating an “experimental” spectrum by convolut-
ing the calculated spectrum for the exact potential.

To this end, we have optimized the LEPS potential using the
H3

- spectrum calculated using the LSTH potential (with anion
potential parameter Set B) and convoluted withη ) 0.01 eV,
a reasonable experimental value. Since the exact resolution may
not always be known, we convolute the trial spectra with a
different value,η̃ ) 0.008 eV. The initial, optimized, and exact
(convoluted) spectra are shown in Figure 6 for this case. Note
that the optimized spectrum is in very good agreement with
the “experimental” spectrum. The optimized value of the Sato
parameter is 0.347, corresponding to a barrier height of 0.466
eV. The convergence is smooth, similar to that in Figure 5, and
is completed in 15 iterations. Thus, excellent agreement with
the exact barrier height is obtained despite the convolution and
the use of different values ofη for the exact and trial spectra.

In fact, while a somewhat larger number of iterations is required,
the final values of the Sato parameter is almost identical (within
0.001) to the unconvoluted case.

4. Concluding Remarks

We have presented a method for determining reactive
potential energy surfaces from transition state photodetachment
spectra. The method makes use of the derivatives of the
photodetachment spectra with respect to parameters of the
neutral potential energy surface. As shown previously,1 these
derivatives can be obtained at no additional cost above that
required to calculate the spectrum itself. An iterative Leven-
berg-Marquardt-based scheme is used to optimize the potential
parameters by minimizing the differences between the theoretical
and experimental photodetachment spectra.

The viability of this approach has been demonstrated by its
application to two model systems. Excellent agreement is
obtained with the barrier height on the neutral potential energy
surfaces in all cases. The method converges rapidly and thus
requires only a small number of calculations of the photode-
tachment spectrum (and its derivatives). In addition, the finite
resolution of experimental spectra can be dealt with by convolu-
tion of the theoretical spectrum and does not hinder the
determination of the potential surface even if the resolution is
not known exactly.

It is worth noting that multiple spectra for the same system
obtained with different initial anion bound states can be used
to advantage in this method. The measure of the error in eq 1
(which is minimized) can be simply extended to include more
than one spectrum. The development of experimental techniques
for varying the anion wave function would thus improve the
ability to accurately determine the neutral potential surface.

There are a number of systems that would be interesting to
treat with this method. These include the XHY- systems (the
X + HY reactions), where X and Y are halides. The photode-
tachment spectra of these anions have been the subject of
extensive experimental studies.18 In addition, larger molecules
are such as cyclooctatetraene19 are of interest which, while not
amenable to a full-dimensional quantum mechanical description,
can be accurately treated in reduced dimensionality. In the case
of cyclooctatetraene the photodetachment spectrum probes the
barrier to isomerization of the molecule.

Figure 5. The errorø2, Sato parameterS, and corresponding barrier
heightV0 for the optimizations of the LEPS potential corresponding to
Figure 4 are plotted as a function of the number of iterations. The results
are shown for anion potential parameter Set A as the solid lines with
filled symbols and for Set B as the dashed lines with open symbols.

Ic(E) ) N∫ I(E′) e-(E-E′)2/η2
dE′ (13)

Figure 6. Same as Figure 4b but the “experimental” spectrum has
been convoluted withη ) 0.01 eV (cf. eq 13) and the trial spectra
with η̃ ) 0.008 eV (see the text). Here the optimized spectrum hasS
) 0.347 corresponding toV0 ) 0.466 eV.
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